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In this paper, we prove that if a connected graph G embeddable in a surface 7
of characteristic /(7) satisfies (1) the minimum degree of G5, (2) |V(G)|
&43/(7), then G is edge reconstructible. A direct consequence of the above result
is that a triangulation G of a surface of characteristic /(7) is edge reconstructible
if |V(G)|&43/(7).  1998 Academic Press
1. INTRODUCTION
In this paper, all graphs G=(V(G), E(G)) considered will be finite and
simple. Let n=|V(G)|, m=|E(G)|. For a vertex v # V(G), let deg(v) be the
degree of v. Let $(G), 2(G) (or $, 2 if the graph is clear from context) be
the minimum degree and maximum degree of G, respectively. If deg(v)=k,
we call v a k-vertex and we use nk(G) (or nk) to denote the number of
k-vertices in G. We define Ei, k=[e # E(G): one end of e is incident with an
i-vertex and the other end of e is incident with a k-vertex] and ti, k=|Ei, k |.
If QV(G), then the subgraph (Q) induced by Q is that subgraph H of
G such that V(H)=Q and E(H)=[vw # E(G) : v, w # Q].
Surfaces denoted by 7 in this paper are understood to be compact and
connected 2-manifolds without boundary. Let G be embedded in a surface
7; the connected components of 7&G are called the faces of the embed-
ding of G in 7. If f is a face and v is a vertex on the boundary of f, then
we say that v is incident with f. If all the faces of an embedding of G in 7
are homeomorphic to the open unit disc, then the embedding is said to be
a 2-cell ernbedding. All embeddings considered in this paper are 2-cell
embeddings. The degree of a face f of an embedding of a graph G in a
surface 7 is the length of its boundary walk and is denoted by deg( f ). If
deg( f )=k, we call f a k-face. If a graph G with n vertices and m edges has
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an embedding in a surface 7 of characteristic /(7), and if t is the number
of the faces of the embedding, then Euler’s formula states that
n&m+t=/(7).
This gives that m3n&3/(7), with equality holding if and only if G
triangulates 7.
A graph G is edge reconstructible if its isomorphism class is uniquely
determined by the collection 9(G)=[G&e : e # E(G)] of single-edge-
deleted subgraphs of G. A graph H is an edge reconstruction (or recon-
struction for short) of G, if 9(H)=9(G). Hence, if a graph G is edge
reconstructible, then any edge reconstruction of G is isomorphic to G. The
edge reconstruction conjecture which is due to Harary [6] states that every
graph with at least four edges is edge reconstructible. There are many
results about the edge reconstruction conjecture; see survey papers by
Bondy [1] and Ellingham [2]. Here, we only talk about results that are
related to graphs embedded in surfaces. By [5, 8], it is known that any
triangulation of a surface with minimum degree at most 4 is edge recon-
structible and any triangulation of a surface of characteristic 0 is edge
reconstructible. By [7], it is known that any planar graph of minimum
degree 5 is edge reconstructible. By [3, 4], it is known that any planar
graph with connectivity 2 and minimum degree 3 is edge reconstructible
and any planar graph of minimum degree 4 is edge reconstructible. By
[8], it is known that if a graph G embedded in a surface 7 of characteristic
/(7) satisfies (1) $(G)5, (2) ($&5) |V(G)|+6/(7)0, then G is edge
reconstructible. Notice that if $=5, the above result only works for graphs
embedded in surfaces of characteristic 0. In this paper, we consider the
edge reconstructibility of graphs embedded in surfaces and prove that if a
graph G embeddable in a surface 7 of characteristic /(7) satisfies (1)
$(G)5, (2) |V(G)|&43/(7), then G is edge reconstructible. A direct
consequence of the above result is that a triangulation G of a surface 7 of
characteristic /(7) is edge reconstructible if |V(C)|&43/(7).
2. FORBIDDEN CONFIGURATIONS
In this section, we will list some configurations whose existence in any
graph guarantees the reconstructibility of the graph.
The first lemma is due to Hoffman (see [1]).
Lemma 1. Let G be a graph of minimum degree $. Suppose that, for
some k0, there is a vertex in G of degree $+k adjacent to k+1 or more
vertices of degree $. Then G is edge reconstructible.
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Lemma 2. If a graph G of minimum degree $ contains one of the follow-
ing configurations in Fig. 1, where each hollow circle represents a vertex of
degree $, each solid circle represents a vertex of degree $+1 and each square
represents a vertex of degree $+2, then G is edge reconstructible.
Proof. By [5], if G contains one of the configurations (a) and (b), then
G is edge reconstructible. By [8], if G contains one of the configurations
(c) and (d), then G is edge reconstructible. Hence we assume that G con-
tains configuration (e) and we show that G is edge reconstructible. Assume
that G is not edge reconstructible. Hence G and its reconstructions do not
contain any configurations from (a) to (d). Delete the edge uv from G. We
obtain the graph G&uv that contains configuration (a). Since G and its
reconstructions do not contain any configurations from (a) to (d) and
since [deg(u), deg(v)] is edge reconstructible, the only way to obtain a
reconstruction of G from G&uv is to add back uv. Thus G is edge
reconstructible.
Next we assume that G contains configuration (f ) and we show that G
is edge reconstructible. Assume that G is not edge reconstructible. Hence
G and its reconstructions do not contain any configurations from (a) to (e).
Consider G&uv. Since [deg(u), deg(v)] is edge reconstructible and since
no reconstruction of G contains configuration (b), the only way to obtain
a reconstruction of G from G&uv is to add back uv. Therefore G is edge
reconstructible.
FIGURE 1
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Finally we assume that G contains configuration (g) and we show that
G is edge reconstructible. First we prove the following claim: if G is not
edge reconstructible, then there is only one reconstruction of G that is
not isomorphic to G. Assume that H is a reconstruction of G that is
not isomorphic to G. Then H can be obtained from G&uw. Since G and
its reconstructions do not contain any configurations from (a) to (f ) and
since [deg(u), deg(w)] is edge reconstructible, we can obtain reconstruc-
tions from G&uw in only two ways: as G or as (G&uw)+uv. Thus H is
isomorphic to (G&uw)+uv.
Now assume that G is not edge reconstructible. We can obtain recon-
structions G1 and G2 of G as follows: G1=(G&uw)+uv, G2=(G&vw)
+uv. By our above claim, we have that G1 is isomorphic to G2 . Since G1 ,
is not edge reconstructible, arguing as above, one can conclude that the
only reconstruction of G1 , not isomorphic to G1 , which can be obtained
from G1&vw is (G1&vw)+uw. But this is precisely G2 , which is therefore
isomorphic to G1 , a contradiction. K
3. RECONSTRUCTIBILITY, MINIMUM DEGREE AND |V(G)|
Lemma 3. Let G be a graph of minimum degree 5 that is embeddable in
a surface 7 of characteristic /(7)&1. Suppose that G satisfies the following
conditions
(:) each i-vertex of G ( for i5) is adjacent to at most (i&5)
5-vertices;
(;) G does not contain any configurations (a), (b), (e), (f ) and (g) in
Fig. 1;
(#) G has an embedding in 7 such that any two vertices u, v which are
incident with the same face of the embedding of G must be adjacent (note
that edge uv is not necessarily incident with that face).
Then
(i) n7+3n8+5n9+ } } } +3(2& 13 w22x&6) n2&18/(7);
(ii) n7+n8+2n9+ } } } +2(2& 12 w22x&6) n2&12/(7);
(iii) n7+2n8+ 72n9+ } } } +(
5
22&w22x&15) n2&15/(7);
(iv) n7+ 43 n8+
5
2n9+ } } } +(
13
6 2&w22x&13) n2&13/(7);
Proof. Let G be embedded in 7 such that the embedding of G in 7
satisfies (#), let F(G) be the set of the faces of the embedding of G in 7 and
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t=|F(G)|. Since G is embedded in 7, by Euler’s formula n&m+t=/(7),
we have
:
v # V(G)
(6&deg(v))+ :
f # F(G)
(6&2 deg( f ))=6/(7).
We call c(v)=6&deg(v) the initial charge of the vertex v and c( f )=
6&2 deg( f ) the initial charge of the face f. Hence we have
:
x # V(G) _ F(G)
c(x)=6/(7).
First we consider (i). We will assign a new charge denoted by c$(x) to
each x # V(G) _ F(G) according to the discharging rule below.
Discharging Rule: For each 5-vertex x, send 13 from x to each k-vertex
adjacent to it, where k7.
For each x # V(G) _ F(G), we consider c$(x).
Since our discharging rule does not affect c(x) for x # F(G) and since, for
each face x, deg(x)3, we have that c$(x)=c(x)0 for any x # F(G).
Let x be a 5-vertex of G.
Claim 1. x is adjacent to at most two 6-vertices.
Proof of Claim 1. Assume that our claim is not true. Then x is adjacent
to at least three 6-vertices. Hence there exist two 6-vertices u, v such that
u, v are adjacent to x and u, v, x are incident with a face f of the embedding
of G in 7. By condition (#), u, v are adjacent and thus G contains con-
figuration (a) of Fig. 1, a contradiction. Thus our claim is true.
Since c(x)=1 and x is adjacent to at least three vertices with degree 7,
by our discharging rule, x sends out at least 1 to vertices adjacent to it.
Thus c$(x)c(x)&1=0.
If x is a 6-vertex, then c(x)=0. Since x does not receive any charge from
any 5-vertices, c$(x)=c(x)=0.
If x is a k-vertex for 7k8, then c(x)=6&k. Since each k-vertex is
adjacent to at most (k&5) 5-vertices, x can receive at most 13 (k&5) from
5-vertices adjacent to it. Hence c$(x)c(x)+ 13 (k&5)=(13&2k)3.
Let x be a k-vertex with k9.
Claim 2. x is adjacent to at most wk2x 5-vertices, where wk2x denotes
the greatest integer that is less than or equal to k2.
Proof of Claim 2. If there is a k-vertex x that is adjacent to at least
(wk2x+1) 5-vertices, then there exist two 5-vertices u, v that are adjacent
to x and incident with the same face. By condition (#), u, v are adjacent, a
contradiction.
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Since c(x)=6&k and x is adjacent to at most wk2x 5-vertices, by our
discharging rule, x can receive at most 13 wk2x from 5-vertices adjacent to
it. Hence c$(x)c(x)+ 13 wk2x.
Therefore we have
6/(7)= :
x # V(G) _ F (G)
c(x)= :
x # V(G) _ F (G)
c$(x)
&
1
3
n7&n8&
5
3
n9& } } } &\2&13 \
2
2&6+ n2 .
Thus (i) follows.
Now we consider (ii). We will assign a new charge denoted by c$(x) to
each x # V(G) _ F (G) according to the discharging rule below.
Discharging Rule: For each 5-vertex x, send 14 from x to each 7-vertex
adjacent to it and send 12 from x to each k-vertex adjacent to it, where
k8.
Since our discharging rule does not affect c(x) for x # F (G), we have
c$(x)=c(x)0 for any x # F (G).
Let x be a 5-vertex. By Claim 1, x is adjacent to at most two 6-vertices.
Claim 3. If x is adjacent to two 6-vertices, then x is adjacent to at least
one vertex with degree 8.
Proof of Claim 3. Assume that our claim is not true. Then x is adjacent
to two 6-vertices and three 7-vertices. By using an argument similar to the
one in the proof of Claim 1, one can conclude that two 6-vertices adjacent
to x are not incident with the same face. Hence there exist two 6-vertices
u, v and one 7-vertex w such that u, w are incident with a face f of the
embedding of G in 7 and v, w are incident with a face f $. By condition
(#), u, w are adjacent, v, w are adjacent and thus G contains configuration
(g) in Fig. 1, a contradiction. Thus our claim is true.
Since c(x)=1 and x is either adjacent to at least four vertices with
degree 7 or at least two vertices with degree 7 and one vertex with
degree 8, by our discharging rule, x sends out at least 1 to vertices adja-
cent to it. Thus c$(x)c(x)&1=0.
Similarly, we can consider c$(x) for any k-vertex x with k6. Since this
part of the proof is similar to the one for (i), we omit it.
It is easy to see that (iii) is obtained by adding (i) and (ii) and dividing
by 2 and (iv) is obtained by multiplying (ii) by 2, then adding (iii) and
dividing by 3. K
Lemma 4. Let G be a graph of minimum degree 5 that is embeddable in
a surface 7 of characteristic /(7)&1. If G satisfies conditions from (:) to
(#) in Lemma 3, then n<&43/(7).
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Proof. Let G be embedded in 7 such that the embedding of G in 7
satisfies (#) in Lemma 3. First we prove that each 6-vertex of G is adjacent
to at most three vertices with degree 6. Assume that it is not true. Then
there is a 6-vertex u that is adjacent to at least four vertices v, w, x and y
with degree 6. Hence one of the following two cases occurs.
Case 1. v, w are incident with a face f of the embedding of G in 7 and
w, x are incident with a face f $.
Since v, w are incident with a face f of the embedding of G in 7, by con-
dition (#), v, w are adjacent. For the same reason, one can conclude that
w, x are adjacent. Hence G contains either configuration (a) or (e) in
Fig. 1, a contradiction.
Case 2. v, w are incident with a face f of the embedding of G in 7 and
x, y are incident with a face f $.
The argument for Case 2 is similar to the one in Case 1, using configura-
tions (a) and (f ) in Fig. 1. Hence we omit it.
Second we prove that 2(t5, 6+t6, 6)2n5+3n6 . Let Q=[v # V(G) :
degG(v)6], Q1=[v # V(G) : degG(v)=5], Q2=[v # V(G) : degG(v)=6],
and let H=(Q). By Claim 1 in Lemma 3 and the fact that each 6-vertex
in G is adjacent to at most three vertices with degree 6, we have that
each vertex in Q1 has degree 2 and each vertex in Q2 has degree 3 in
H. Hence we have
2(t5, 6+t6, 6)= :
v # Q
degH(v)= :
v # Q1
degH(v)+ :
v # Q2
degH(v)2n5+3n6 .
Next we prove that n5+n6 &31/(7). Since
5n5+6n6=t5, 6+t5, 7+ } } } +t5, 2+t5, 6+2t6, 6+ } } } +t6, 2
2(t5, 6+t6, 6)+(t5, 7+t6, 7+ } } } +t5, 2+t6, 2)
2n5+3n6+7n7+8n8+ } } } +2n2
2n5+3n6+7 \n7+87 n8+ } } } +
2
7
n2+
2n5+3n6+7 {n7+43n8+ } } } +\136 2&\
2
2&13+ n2=
2n5+3n6+7[&13/(7)],
it follows that n5+n6<&31/(7).
By (ii) of Lemma 3, our result follows from
n=n5+n6+n7+ } } } +n2<&31/(7)&12/(7)=&43/(7). K
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Theorem. Let G be a graph of minimum degree 5 that is embeddable in
a surface 7 of characteristic /(7). If n&43/(7), then G is edge
reconstructible.
Proof. If /(7)0, by [7], [8], G is edge reconstructible. Hence our
theorem is true in this case. Consider the case when /(7)&1. Assume
that G is not edge reconstructible. Then G satisfies conditions (:) (;) in
Lemma 3. We construct G$ from G by adding edges to G such that G$ is
simple and satisfies (#) of Lemma 3. Since we do not add any vertices to
G to construct G$, we have n=|V(G)|=|V(G$)|. Also, one can easily check
that G$ still satisfies conditions (:) and (;) of Lemma 3, where it should
be noted that we still take $=5 in the configurations in Figure 1. There-
fore, if $(G$)=5, then we have the required contradiction since
n&43/(7). We therefore need to consider the situation where $(G$)6.
Let m$=|E(G$)|, ni (G$) be the number of i-vertices in G$ and 2$=2(G$).
We consider the following two cases.
Case 1. $(G$)7. By 2m$6n&6/(7) and 2m$=7n7(G$)+8n8(G$)+
} } } +2$n2$(G$), we have
n=n7(G$)+n8(G$)+ } } } +n2$(G$)
n7(G$)+2n8(G$)+ } } } +(2$&6) n2$(G$)&6/(7)
a contradiction.
Case 2. $(G$)=6.
By applying a similar argument in the proof in Lemma 4, one can prove
that 2t6, 63n6 and n6&31/(7). Since 2m$6n&6/(7) and 2m$=
6n6(G$)+7n7(G$)+8n8(G$)+ } } } +2$n2$(G$), we have
&6/(7)n7(G$)+2n8(G$)+ } } } +(2$&6) n2$(G$).
It follows that
n=n6(G$)+n7(G$)+n8(G$)+ } } } +n2$(G$)
&31/(7)&6/(7)=&37/(7),
a contradiction. Thus G is edge reconstructible. K
Corollary. Let G be a triangulation of a surface 7 of characteristic
/(7). If n&43/(7), then G is edge reconstructible.
Proof. If $(G)4, by [5], [8], G is edge reconstructible. If $(G)5,
by the above theorem, G is edge reconstructible. Therefore our corollary is
true. K
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